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R-MATRIX REALIZATION OF TWO-PARAMETER QUANTUM AFFINE
ALGEBRA Ur,s(ĝln)
NAIHUAN JING AND MING LIU∗
Abstract. We introduce the two-parameter quantum affine algebra Ur,s(ĝln) via the RTT
realization. The Drinfeld realization is given and the type A quantum affine algebra is
proved to be a special subalgebra of our extended algebra.
1. Introduction
Quantum groups can be studied by two methods algebraically. The first approach was
adopted by Drinfeld [6, 8] and Jimbo [17] to define the quantum enveloping algebra Uq(g) as a
q-deformation of the enveloping algebra U(g) in terms of the Chevalley generators and Serre
relations based on the data coming from the corresponding Cartan matrix. For the Yangian
algebra Y (g) and the quantum affine algebra Uq(ĝ), Drinfeld [7] gave another realization
called the new realization, which is analogue to the loop realization of the classical affine Lie
algebra. Using the Drinfeld realization, one can classify finite dimensional representations
of quantum affine algebras and Yangians.
The second approach to quantum groups has its origin from the quantum inverse scattering
method developed by the Leningrad school. In [9] Faddeev, Reshetikhin and Takhtajan have
shown that both the quantum enveloping algebras Uq(g) and the dual quantum groups for
finite classical simple Lie algebras g can be studied in the RTT method using the solutions
R of the Yang-Baxter equation:
(1.1) R12R13R23 = R23R13R12.
In [10], the R-matrix realization of quantum loop algebras was also studied. Later, Resheti-
khin and Semenov-Tian-Shansky [22] gave the central extension of the previous construction
in [10], which can be viewed as the affine analogue of the construction in [9]. In [5], Ding
and Frenkel proved the isomorphism between the R-matrix realization and Drinfeld realiza-
tion of quantum affine algebras by using the Gauss decomposition of the generating matrix
composed of elements of quantum affine algebras, thus Ding-Frenkel’s method provides a
natural way to get the Drinfeld realization from the R-matrix realization of the quantum
affine algebra.
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Two-parameter general linear and special linear quantum groups were considered by
Takeuchi [23] using generators and relations. The two-parameter quantum enveloping al-
gebras have later gained attention after Benkart and Witherspoon’s work [1] on the (r, s)-
deformed quantum algebras associated with gln and sln, where the quantum R-matrix and
the Drinfeld doubles were obtained (see also [3]). Hu, Rosso and Zhang [16] first studied the
Drinfeld realization of two-parameter quantum affine algebra for type A and constructed its
quantum Lyndon basis. In [19], Zhang and one of us have realized the basic representations of
the two-parameter simply laced quantum toroidal algebras in terms of the Grothendieck ring
of certain deformed wreath products in the context of the McKay correspondence. Recently,
Fan and Li [11] have given a geometric realization of the negative part of the two-parameter
quantum group Ur,s(g) in a uniformed manner. In Hill and Wang’s categorification of the
covering quantum group [15] there exists the second parameter π subject to π2 = 1, which
in spirit would correspond to some specialization of certain two-parameter quantum group.
A natural question can be asked whether the 2-parameter quantum affine algebras can be
formulated in the general framework of the quantum scattering method. And an even more
important question is where on earth one should deform the affine relations in a natural
and canonical way. Corresponding to the geometric constructions in the finite dimensional
cases [11, 15], it seems that the most natural answer should rely on if one can reconstruct
the quantum affine algebras using the RTT method such as that in [4, 21] for the case
of Yangians. Every indicator points to that these two-parameter quantum affine algebras
should be associated with certain spectral parameter dependent R-matrices. For example,
the authors have shown recently that the 2-parameter quantum algebra Ur,s(gln) and its
dual are indeed realized by the RTT method [18]. If the affine case can also be confirmed
realizable by the RTT method, it will be natural to define quantum affine root vectors and
the Hopf algebra structure. It will also help to re-establish the Drinfeld realization of the 2-
parameter quantum affine algebra Ur,s(ŝln) as a subalgebra, which have potential applications
in geometric realizations and other applications in mathematical physics models.
In this paper, we answer these questions and show that the 2-parameter quantum affine
algebras are indeed realized by the Reshetikhin-Seminov-Tian-Shanski method. We use cer-
tain spectral parametric R-matrix obtained by Yang-Baxterization [14] to introduce and
study the two-parameter quantum affine algebra Ur,s(ĝln) and show that it contains the
2-parameter quantum affine algebra Ur,s(ŝln) as a subalgebra. Moreover, using the Gauss
decomposition of the generating matrix of the R-matrix realization of two-parameter quan-
tum affine algebra, we study the commutation relations of the Gaussian generators and get a
natural Drinfeld realization of two-parameter quantum affine algebra for both Ur,s(ĝln) and
Ur,s(ŝln), which provide a natural explanation for the quantum algebra, and in particular,
the Drinfeld-Serre relations.
The paper is organized as follows. In section 2 we recall the basic results and the R-matrix
of two-parameter quantum group Ur,s(ĝln) . In section 3, we give the definition of algebra
U(R) using the Reshetikhin-Semenov’s method and study its Gauss decomposition in terms
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of quasi-determinants. In section 4, we study the commutation relations between Gaussian
generators and give the Drinfeld realization of Ur,s(ĝln). In section 5, we give the Drinfeld
realization of Ur,s(ŝln).
2. Two-parameter quantum group Ur,s(gln)
We first recall the Drinfeld-Jimbo form of the two parameter quantum algebras. Let
Π = {αj = ǫj − ǫj+1|j = 1, 2, ...n− 1} and Φ = {ǫi − ǫj |1 ≤ i 6= j ≤ n} be the root system
and the set of simple roots of type An−1, where {ǫi} is an orthonormal basis of C
n.
Definition 2.1. Ur,s(gln) is a unital associated algebra over C generated by ej , fj , (1 ≤ j <
n), and a±1i , b
±1
i (1 ≤ i ≤ n), and satisfy the following relations.
R1: Commuting elements a±1i , b
±1
i (1 ≤ i ≤ n) and aia
−1
i = bib
−1
i = 1,
R2: aiej = r
〈ǫi,αj〉ejai, and aifj = r
−〈ǫi,αj〉fjai,
R3: biej = s
〈ǫi,αj〉ejbi, and bifj = s
−〈ǫi,αj〉fjbi,
R4: [ei, fj] =
δij
r−s
(aibi+1 − ai+1bi),
R5: [ei, ej] = [fi, fj] = 0 if |i− j| > 1,
R6: e2i ei+1 − (r + s)eiei+1ei + rsei+1e
2
i = 0,
e2i+1ei − (r + s)ei+1eiei+1 + rseie
2
i+1 = 0,
R7: f 2i fi+1 − (r
−1 + s−1)fifi+1fi + r
−1s−1fi+1f
2
i = 0,
f 2i+1fi − (r
−1 + s−1)fi+1fifi+1 + r
−1s−1fif
2
i+1 = 0.
The algebra Ur,s(sln) is the subalgebra of Ur,s(gln) generated by ej , fj and ωj , ω
′
j (1 ≤ j <
n), where ωj = ajbj+1, ω
′
j = aj+1bj . These elements satisfy the relations (R5-R7) along with
R’1: The ω±1i , ω
′±1
j (1 ≤ i, j < n) all commutate one another and ωiω
−1
i = ω
′
iω
′−1
i = 1,
R’2: ωiej = r
〈ǫi,αj〉s〈ǫi+1,αj〉ejωi, and ωifj = r
−〈ǫi,αj〉s−〈ǫi+1,αj〉fjωi,
R’3: ω′iej = r
〈ǫi+1,αj〉s〈ǫi,αj〉ejω
′
i, and ω
′
ifj = r
−〈ǫi+1,αj〉s−〈ǫi,αj〉fjω
′
i,
R’4: [ei, fj] =
δij
r−s
(ωi − ω
′
i).
The natural representation V = Cn of Ur,s(gln) is given by the following action:
ei = Ei,i+1, fi = Ei+1,i,
aj = rEjj +
∑
k 6=j
Ekk,
bj = sEjj +
∑
k 6=j
Ekk,
where 1 ≤ i < n, 1 ≤ j ≤ n, and Eij are the unit matrices of size n × n. Corresponding to
the natural representation V , Benkart and Witherspoon gave the following matrix Rˆ = RˆV V
[2]:
(2.1) Rˆ =
n∑
i=1
Eii ⊗ Eii + r
∑
i<j
Eji ⊗ Eij + s
−1
∑
i<j
Eij ⊗ Eji + (1− rs
−1)
∑
i<j
Ejj ⊗ Eii,
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satisfying the braiding relation on the tensor power V ⊗k:
Rˆi ◦ Rˆi+1 ◦ Rˆi = Rˆi+1 ◦ Rˆi ◦ Rˆi+1, for 1 ≤ i < k,
Rˆi ◦ Rˆj = Rˆj ◦ Rˆi, for |i− j| ≥ 2,
where Rˆi = (idV )
i−1 ⊗ Rˆ ⊗ (idV )
k−1. It is easy to see that Rˆ satisfies the Hecke relation
(2.2) (Rˆ− 1)(Rˆ + rs−1) = 0.
In [14], the authors presented the so-called Yang-Baxterization to construct the corre-
sponding braiding relation with a spectral parameter. Suppose the braiding Rˆ has two
eigenvalues λ1, λ2, then the Yang-Baxterization of Rˆ recovers the associated spectral param-
eter dependent braid group representation Rˆ(z) via
(2.3) Rˆ(z) = λ−12 Rˆ + zλ1Rˆ
−1.
which satisfies the relation
Rˆ1(z)Rˆ2(zw)Rˆ1(w) = Rˆ2(w)Rˆ1(zw)Rˆ2(z).
Using the fact that Rˆ = RˆV V has eigenvalues 1 and −rs
−1 on V ⊗ V , we obtain that
Proposition 2.2. [20] For the braid group representation Rˆ = RˆV V , the Rˆ(z) is given by
Rˆ(z) = (1− zrs−1)
n∑
i=1
Eii ⊗ Eii + (1− z)(r
∑
i>j
+s−1
∑
i<j
)Eij ⊗ Eji
+ z(1− rs−1)
∑
i<j
Eii ⊗ Ejj + (1− rs
−1)
∑
i>j
Eii ⊗ Ejj.(2.4)
Remark 2.3. Consider the R-matrix R(z) = 1
1−zrs−1
PRˆ(z), where P =
∑
ij Eij ⊗ Eji.
R(z) =
n∑
i=1
Eii ⊗Eii +
(1− z)r
1− zrs−1
∑
i>j
Eii ⊗Ejj +
(1− z)s−1
1− zrs−1
∑
i<j
Eii ⊗ Ejj
+
1− rs−1
1− zrs−1
∑
i>j
Eij ⊗Eji +
(1− rs−1)z
1− rs−1z
∑
i<j
Eij ⊗ Eji.
It is easy to check that R(z) satisfy the quantum Yang-Baxter equation:
R12(z)R13(zw)R23(w) = R23(w)R13(zw)R12(z),
and the unitary condition:
(2.5) R21(z)R(z
−1) = R(z−1)R21(z) = 1.
It is clear that when r = q, s = q−1 the R-matrix degenerates to the usual spectral
dependent R-matrix [5].
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3. The R-matrix algebra U(R) and its Gauss decomposition
In this section, we construct an RTT realization of Ur,s(ĝln) using Reshetikhin-Semenov’s
method. Furthermore, we give the Gauss decomposition of Ur,s(ĝln) in terms of quasi-
determinants [13].
3.1. The R-matrix algebra U(R).
Definition 3.1. U(R) is an associative algebra with generators l±ij [∓m] , m ∈ Z+ \ 0 and
l+kl[0], l
−
lk[0], 1 ≤ l ≤ k ≤ n and central elements r
c, sc. Let l±ij(z) =
∑∞
m=0 l
±
ij [∓m]z
±m, where
l+kl[0] = l
−
lk[0] = 0, for 1 ≤ k < l ≤ n. Let L
±(z) =
∑n
i,j=1Eij ⊗ l
±
ij(z). Then the relations are
given by the following matrix equations on End(V ⊗2)⊗ U(R):
(3.1) l+ii [0]l
−
ii [0] = l
−
ii [0]l
+
ii [0]
(3.2) R(
z
w
)L±1 (z)L
±
2 (w) = L
±
2 (w)L
±
1 (z)R(
z
w
)
(3.3) R(
z+
w−
)L+1 (z)L
−
2 (w) = L
−
2 (w)L
+
1 (z)R(
z−
w+
)
where z+ = zr
c
2 and z− = zs
c
2 . Here Eq. (3.2) are expanded in the direction of either z
w
or
w
z
, and Eq. (3.3) is expanded in the direction of z
w
.
Remark 3.2. From the Eq (3.3) and the unitary condition of R-matrix (2.5), we have
(3.4) R(
z±
w∓
)L±1 (z)L
∓
2 (w) = L
∓
2 (w)L
±
1 (z)R(
z∓
w±
)
So the generating relations (3.2), (3.3) are equivalent to the following:
(3.5) L±1 (z)
−1L±2 (w)
−1R(
z
w
) = R(
z
w
)L±2 (w)
−1L±1 (z)
−1,
(3.6) L±1 (z)
−1L∓2 (w)
−1R(
z±
w∓
) = R(
z∓
w±
)L∓2 (w)
−1L±1 (z)
−1.
They are also equivalent to
(3.7) L±2 (w)
−1R(
z
w
)L±1 (z) = L
±
1 (z)R(
z
w
)L±2 (w)
−1,
(3.8) L∓2 (w)
−1R(
z±
w∓
)L±1 (z) = L
±
1 (z)R(
z∓
w±
)L∓2 (w)
−1.
Remark 3.3. Relations (3.2) and (3.4) can be equivalently written in terms of the generating
series:(
δpr + (rsδp>r + δp<r)
w − z
ws− zr
)
l±pq(z)l
±
rs(w) +
s− r
ws− zr
(zδp<r + wδp>r)l
±
rq(z)l
±
ps(w) =(
δqs + (rsδq>s + δq<s)
w − z
ws− zr
)
l±rs(w)l
±
pq(z) +
s− r
ws− zr
(wδq<s + zδq>s)l
±
rq(w)l
±
ps(z),(3.9)
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s− r
w∓s− z±r
(
(z±δp<r + w∓δp>r)− (w±δq<s + z∓δq>s)
)
l±rq(z)l
∓
ps(w)
= −
(
δpr + (rsδp>r + δp<r)
w∓ − z±
w∓s− z±r
)
l±pq(z)l
∓
rs(w)(3.10)
+
(
δqs + (rsδq>s + δq<s)
w± − z∓
w±s− z∓r
)
l∓rs(w)l
±
pq(z).
Similarly Eqs. (3.5–3.6) are equivalent to the following(
δqs + (rsδq>s + δq<s)
w − z
ws− zr
)
l±pq(z)
′l±rs(w)
′ +
s− r
ws− zr
(zδq>s + wδq<s)l
±
ps(z)
′l±rq(w)
′ =
(
δpr + (rsδp>r + δp<r)
w − z
ws− zr
)
l±rs(w)
′l±pq(z)
′ +
s− r
ws− zr
(wδp>r + zδp<r)l
±
ps(w)
′l±rq(z)
′,
(3.11)
(
δqs + ((rs)δq>s + δq<s)
w∓ − z±
w∓s− z±r
)
l±pq(z)
′l∓rs(w)
′ +
s− r
w∓s− z±r
(z±δq>s + w∓δq<s)l
±
ps(z)
′l∓rq(w)
′ =
(
δpr + ((rs)δp>r + δp<r)
w± − z∓
w±s− z∓r
)
l∓rs(w)
′l±pq(z)
′ +
s− r
w±s− z∓r
(w±δp>r + z∓δp<r)l
∓
ps(w)
′l±rq(z)
′.
(3.12)
Finally Eqs. (3.7–3.8) are seen to be equivalent to the following
δpsl
±
rs(w)
′l±pq(z) + ((rs)δp>s + δp<s)
w − z
ws− zr
l±rs(w)
′l±pq(z)
+
s− r
ws− zr
δps(w
∑
j<p
l±rj(w)
′l±jq(z) + z
∑
j>p
l±rj(w)
′l±jq(z)) =
δqrl
±
pq(z)l
±
rs(w)
′ + ((rs)δq>r + δq<r)
w − z
ws− zr
l±pq(z)l
±
rs(w)
′(3.13)
+
s− r
ws− zr
δqr(w
∑
i>q
l±pi(z)l
±
is(w)
′ + z
∑
i<q
l±pi(z)l
±
is(w)
′),
δpsl
∓
rs(w)
′l±pq(z) + ((rs)δp>s + δp<s)
w∓ − z±
w∓s− z±r
l∓rs(w)
′l±pq(z)
+
s− r
w∓s− z±r
δps(w∓
∑
j<p
l∓rj(w)
′l±jq(z) + z±
∑
j>p
l∓rj(w)
′l±jq(z)) =
δqrl
±
pq(z)l
∓
rs(w)
′ + ((rs)δq>r + δq<r)
w± − z∓
w±s− z∓r
l±pq(z)l
∓
rs(w)
′(3.14)
+
s− r
w±s− z∓r
δqr(w±
∑
i>q
l±pi(z)l
∓
is(w)
′ + z∓
∑
i<q
l±pi(z)l
∓
is(w)
′).
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3.2. Quasi-determinant and Gauss decomposition.
Definition 3.4. Let X be a square matrix over a ring with identity such that its inverse
matrix X−1 exists. Suppose that the (j, i)-th entry of X−1 is an invertible element of the
ring. The (i, j)-th quasi-determinant |X|ij of X is defined by
|X|ij =
∣∣∣∣∣∣∣∣∣∣
x11 · · · x1j · · · x1n
· · · · · ·
xi1 · · · xij · · · xin
· · · · · ·
xn1 · · · xnj · · · xnn
∣∣∣∣∣∣∣∣∣∣
=
(
(X−1)ji
)−1
.
By [12, Th. 4.9.6], we have the following decomposition of L±(z):
Proposition 3.5. L±(z) have the following unique decomposition:
(3.15) L±(z) = F±(z)K±(z)E±(z),
where
(3.16) F±(z) =


1 0
f±21(z)
. . .
f±31(z)
. . .
. . .
. . .
...
. . .
f±n1(z) . . . f
±
n,n−1(z) 1


,
(3.17) K±(z) =


k±1 (z) 0
. . .
. . .
0 k±n (z)

 ,
(3.18) E±(z) =


1 e±12(z) e
±
13(z) . . . e
±
1n(z)
. . .
. . .
. . .
...
e±n−1,n(z)
0 1

 ,
and for 1 6 i 6 n and 1 6 i < j 6 n
k±i (z) =
∣∣∣∣∣∣∣
l±11(z) · · · l
±
1,i−1(z) l
±
1i(z)
...
. . .
...
l±i1(z) . . . l
±
i,i−1(z) l
±
ii (z)
∣∣∣∣∣∣∣ =
∑
m∈Z+
k±i (∓m)z
±m,
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e±ij(z) = k
±
i (z)
−1
∣∣∣∣∣∣∣∣∣
l±11(z) · · · l
±
1,i−1(z) l
±
1j(z)
...
. . .
...
...
l±i−1,1(z) . . . l
±
i−1,i−1(z) l
±
i−1,j(z)
l±i1(z) . . . l
±
i,i−1(z) l
±
ij(z)
∣∣∣∣∣∣∣∣∣
=
∑
m∈Z+
e±ij(∓m)z
±m,
f±ji (z) =
∣∣∣∣∣∣∣∣∣
l±11(z) · · · l
±
1,i−1(z) l
±
1i(z)
...
. . .
...
...
l±i−1,1(z) . . . l
±
i−1,i−1(z) l
±
i−1,i(z)
l±j1(z) . . . l
±
j,i−1(z) l
±
ji(z)
∣∣∣∣∣∣∣∣∣
k±i (z)
−1 =
∑
m∈Z+
f±ji (∓m)z
±m.
4. Drinfeld realization of Ur,s(ĝln)
In this section, we give the Drinfeld realization of Ur,s(ĝln) by studying the commuta-
tion relations between Gaussian generators. This is done through the RTT presentation of
Ur,s(ĝln).
Theorem 4.1. Let X+i (z) = e
+
i,i+1(z+) − e
−
i,i+1(z−), and X
−
i (z) = f
+
i+1,i(z−) − f
−
i+1,i(z+).
Then the following relations are satisfied in U(R):
k+j [0]k
−
j [0] = k
−
j [0]k
+
j [0],
k±i (z)k
±
j (w) = k
±
j (w)k
±
i (z),
k+i (z)k
−
i (w) = k
−
i (w)k
+
i (z),
z∓ − w±
z∓r − w±s
k∓i (z)k
±
j (w) =
z± − w∓
z±r − w∓s
k±j (w)k
∓
i (z) if j > i,
k±i (w)
−1X∓j (z)k
±
i (w) = X
∓
i (z), i− j ≤ −1, or i− j ≥ 2,
k±i (w)
−1X±j (z)k
±
i (w) = X
±
i (z), i− j ≤ −1, or i− j ≥ 2,
k±i (z)
−1X+i (w)k
±
i (z) =
z∓r − ws
z∓ − w
X+i (w),
k±i+1(z)
−1X+i (w)k
±
i+1(z) =
z∓s− wr
z∓ − w
X+i (w),
k±i (z)X
−
i (w)k
±
i (z)
−1 =
z±r − ws
z± − w
X−i (w),
k±i+1(z)X
−
i (w)k
±
i+1(z)
−1 =
z±s− wr
z± − w
X−i (w),
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(zs− wr)X+i (z)X
+
i (w) = (zr − ws)X
+
i (w)X
+
i (z),
(zr − ws)X−i (z)X
−
i (w) = (zs− wr)X
−
i (w)X
−
i (z),
(z − w)X−i (z)X
−
i+1(w) = (zr − ws)X
−
i+1(w)X
−
i (z),
(zr − ws)X+i (z)X
+
i+1(w) = (z − w)X
+
i+1(w)X
+
i (z),
[X±i (z), X
±
j (w)] = 0, if(αi, αj) = 0,
[X+i (z), X
−
j (w)] = (r − s)δij
{
δ
(
z−
w+
)
k−i+1(w+)k
−
i (w+)
−1
− δ
(
z+
w−
)
k+i+1(z+)k
+
i (z+)
−1
}
and the following Serre relations hold in U(R):
{X−i (z1)X
−
i (z2)X
−
i+1(w)− (r + s)X
−
i (z1)X
−
i+1(w)X
−
i (z2)
+ rsX−i+1(w)X
−
i (z1)X
−
i (z2)}+ {z1 ↔ z2} = 0
{rsX−i+1(z1)X
−
i+1(z2)X
−
i (w)− (r + s)X
−
i+1(z1)X
−
i (w)X
−
i+1(z2)
+X−i (w)X
−
i+1(z1)X
−
i+1(z2)}+ {z1 ↔ z2} = 0
{rsX+i (z1)X
+
i (z2)X
+
i+1(w)− (r + s)X
+
i (z1)X
+
i+1(w)X
+
i (z2)
+X+i+1(w)X
+
i (z1)X
+
i (z2)}+ {z1 ↔ z2} = 0.
{X+i+1(z1)X
+
i+1(z2)X
+
i (w)− (r + s)X
+
i+1(z1)X
+
i (w)X
+
i+1(z2)
+ rsX+i (w)X
+
i+1(z1)X
+
i+1(z2)}+ {z1 ↔ z2} = 0.
where the formal delta function δ(z) =
∑
n∈Z z
n.
The idea of the proof is to first check the relations for n = 2 and n = 3, and then use
induction to show the general situation.
4.1. Case of n = 2. We first check the theorem for the case of n = 2. Let us consider the
generators k±i (z), e12(z), f21(z), i = 1, 2, we have that
Lemma 4.2.
(4.1) k±1 (z)k
±
2 (w) = k
±
2 (w)k
±
1 (z),
(4.2) k+i (z)k
−
i (w) = k
−
i (w)k
+
i (z), i = 1, 2,
(4.3)
w∓ − z±
w∓s− z±r
k±1 (z)k
∓
2 (w) =
w± − z∓
w±s− z∓r
k∓2 (w)k
±
1 (z).
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Proof. Here we only prove Eq. (4.3) as the other relations are shown similarly. By Eq.
(3.14), we get the following relations:
w± − z∓
w±s− z∓r
l±11(z)l
′∓
22(w) =
w∓ − z±
w∓s− z±r
l′∓22(w)l
±
11(z).
Note that l′±22(w) = k
±
2 (w)
−1, the above is equivalent to
w∓ − z±
w∓s− z±r
k±1 (z)k
∓
2 (w) =
w± − z∓
w±s− z∓r
k∓2 (w)k
±
1 (z).

The following lemma gives the relations between k±1 (z) and e
±
12(z) or f
±
21(z).
Lemma 4.3.
(4.4) k±1 (z)e
±
12(w) =
w − z
ws− zr
e±12(w)k
±
1 (z) +
w(s− r)
ws− zr
k±1 (z)e
±
12(z)
(4.5) k±1 (z)e
∓
12(w) =
w± − z∓
w±s− z∓r
e∓12(w)k
±
1 (z) +
w±(s− r)
w±s− z∓r
k±1 (z)e
±
12(z),
(4.6) f±21(w)k
±
1 (z) =
w − z
ws− zr
k±1 (z)f
±
21(w) +
z(s− r)
ws− zr
f±21(z)k
±
1 (z),
(4.7) f∓21(w)k
±
1 (z) =
w∓ − z±
w∓s− z±r
k±1 (z)f
∓
21(w) +
z±(s− r)
w∓s− z±r
f±21(z)k
±
1 (z).
Proof. We prove Eqs. (4.4-4.5), and the relations for f±21(w) and k1(z)
± can be similarly
shown.
From Eqs. (3.9-3.10) it follows that
l±11(z)l
±
12(w) =
w − z
ws− zr
l±12(w)l
±
11(z) +
w(s− r)
ws− zr
l±11(w)l
±
12(z),
l±11(z)l
∓
12(w) =
w± − z∓
w±s− z∓r
l∓12(w)l
±
11(z) +
w±(s− r)
w±s− z∓r
l∓11(w)l
±
12(z).
Then Eq (4.4) and (4.5) hold by using Eqs. (4.1-4.2) and the fact that k1(w) is invertible.

From Lemma 4.3, we obtain the following proposition.
Proposition 4.4.
(4.8) k±1 (z)X
+
1 (w) =
w± − z
w±s− zr
X+1 (w)k
±
1 (z),
(4.9) X−1 (w)k
±
1 (z) =
w∓ − z
w∓s− zr
k±1 (z)X
−
1 (w).
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Proof. We only prove Eq. (4.8) to give an example.
From Eq. (4.4), we have
k+1 (z)e
+
12(w+) =
w+ − z
w+s− zr
e+12(w+)k
+
1 (z) +
w+(s− r)
w+s− zr
k+1 (z)e
+
12(z).
On the other hand, Eq. (4.5) gives that
k+1 (z)e
−
12(w−) =
w+ − z
w+s− zr
e−12(w−)k
+
1 (z) +
w+(s− r)
w+s− zr
k+1 (z)e
+
12(z).
Taking the difference, we prove the identity:
k+1 (z)X
+
1 (w) =
w+ − z
w+s− zr
X+1 (w)k
+
1 (z).
Similarly, we can prove the other identity in Eq. (4.8). 
In the following lemma, the relations between k2(z) and e12(z) or f21(z) are given.
Lemma 4.5.
(4.10) e±12(z)k
±
2 (w)
−1 =
w − z
ws− zr
k±2 (w)
−1e±12(z) +
z(s− r)
ws− zr
e±12(w)k
±
2 (w)
−1
(4.11) e±12(z)k
∓
2 (w)
−1 =
w± − z∓
w±s− z∓r
k∓2 (w)
−1e±12(z) +
z∓(s− r)
w±s− z∓r
e±12(w)k
±
2 (w)
−1
(4.12) k±2 (w)
−1f±21(z) =
w − z
ws− zr
f±21(z)k
±
2 (w)
−1 +
w(s− r)
ws− zr
f±21(w)k
±
2 (w)
−1,
(4.13) k∓2 (w)
−1f±21(z) =
w∓ − z±
w∓s− z±r
f±21(z)k
∓
2 (w)
−1 +
w∓(s− r)
w∓s− z±r
f∓21(w)k
∓
2 (w)
−1,
Proof. Here we just prove Eq. (4.13) to show the idea.
From the relations in (3.12), we have
l′∓22(w)l
′±
21(z) =
w∓ − z±
w∓s− z±r
l′±21(z)l
′∓
22(w) +
w∓(s− r)
w∓s− z±r
l′±22(z)l
′∓
21(w),
Then the Gauss decomposition and Eq. (4.2) imply Eq. (4.13). 
The following result is a consequence of Lemma 4.5.
Proposition 4.6.
(4.14) k±2 (w)
−1X+1 (z)k
±
2 (w) =
ws− z±r
w − z±
X+1 (z),
(4.15) k±2 (w)
−1X−1 (z)k
±
2 (w) =
w − z∓
ws− z∓r
X−1 (z).
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Proof. As the two relations are similar, we prove Eq. (4.14). In fact, using Eqs. (4.10-4.11),
we have
k+2 (w)
−1e+12(z+)k
+
2 (w) =
ws− z+r
w − z+
e+12(z+)−
z+(s− r)
w − z+
e+12(w)
and
k+2 (w)
−1e+12(z+)k
+
2 (w) =
ws− z+r
w − z+
e+12(z+)−
z+(s− r)
w − z+
e+12(w)

The relations between e±12(z) and e
±
12(w) are given in the following lemma.
Lemma 4.7.
(4.16)
zs− wr
z − w
e±12(z)e
±
12(w)−
z(s− r)
z − w
e±12(w)
2 =
ws− zr
w − z
e±12(w)e
±
12(z)−
w(s− r)
w − z
e±12(z)
2
(4.17)
z∓s− w±r
z∓ − w±
e±12(z)e
∓
12(w)−
z∓(s− r)
z∓ − w±
e∓12(w)
2 =
w±s− z∓r
w± − z∓
e∓12(w)e
±
12(z)−
w±(s− r)
w± − z∓
e±12(z)
2
(4.18)
ws− zr
w − z
f±21(z)f
±
21(w)−
z(s− r)
w − z
f±21(z)
2 =
zs− wr
z − w
f±21(w)f
±
21(z)−
w(s− r)
z − w
f±21(w)
2
(4.19)
w∓s− z±r
w∓ − z±
f±21(z)f
∓
21(w)−
z±(s− r)
w∓ − z±
f±21(z)
2 =
z±s− w∓r
z± − w∓
f∓21(w)f
±
21(z)−
w∓(s− r)
z± − w∓
f±21(w)
2
Proof. We also only prove Eq. (4.17) since the other relations are obtained similarly. Using
Eq. (3.10), we have that
l±12(z)l
∓
12(w) = l
∓
12(w)l
±
12(z).
Using the Gauss decomposition, we have
(4.20) k±1 (z)e
±
12(z)k
∓
1 (w)e
∓
12(w) = k
∓
1 (w)e
∓
12(w)k
±
1 (z)e
±
12(z).
By Eq. (3.10), we have
l±12(z)l
∓
11(w) =
(w± − z∓)rs
w±s− z∓r
l∓11(w)l
±
12(z) +
z∓(s− r)
w±s− z∓r
l∓12(w)l
±
11(z),
which is equivalent to
k±1 (z)e
±
12(z)k
∓
1 (w) =
(w± − z∓)rs
w±s− z∓r
k∓1 (w)k
±
1 (z)e
±
12(z) +
z∓(s− r)
w±s− z∓r
k∓1 (w)e
∓
12(w)k
±
1 (z).
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Thus from Eq. (4.20) we have
(w± − z∓)rs
w±s− z∓r
k∓1 (w)k
±
1 (z)e
±
12(z)e
∓
12(w) = k
∓
1 (w)e
∓
12(w)k
±
1 (z)e
±
12(z)
−
z∓(s− r)
w±s− z∓r
k∓1 (w)e
∓
12(w)k
±
1 (z)e
∓
12(w).(4.21)
Moreover, using Eq(3.10) again, we can obtain
l±11(z)l
∓
12(w) =
(w± − z∓)
w±s− z∓r
l∓12(w)l
±
11(z) +
w±(s− r)
w±s− z∓r
l∓11(w)l
±
12(z),
which is equivalent to
k±1 (z)k
∓
1 (w)e
∓
12(w) =
(w± − z∓)
w±s− z∓r
k∓1 (w)e
∓
12(w)k
±
1 (z) +
w±(s− r)
w±s− z∓r
k∓1 (w)k
±
1 (z)e
±
12(z).
Then the right hand side of Eq. (4.21) equals to
w±s− z∓r
w± − z∓
k±1 (z)k
∓
1 (w)e
∓
12(w)e
±
12(z) +
w±(s− r)
w± − z∓
k∓1 (w)k
±
1 (z)e
±
12(z)
2
−
z∓(s− r)
w± − z∓
k±1 (z)k
∓
1 (w)e
∓
12(w)
2 +
z∓(s− r)
w±s− z∓r
w±(s− r)
w± − z∓
k∓1 (w)k
±
1 (z)e
±
12(z)e
∓
12(w).
Thus from Eqs. (4.21-4.2) we prove Eq. (4.17). 
From lemma 4.7, we can obtain the following proposition.
Proposition 4.8.
(zs− wr)X+1 (z)X
+
1 (w) = (zr − ws)X
+
1 (w)X
+
1 (z),(4.22)
(ws− zr)X−1 (z)X
−
1 (w) = (wr − zs)X
−
1 (w)X
−
1 (z),(4.23)
Proof. We prove Eq. (4.22) to illustrate the idea. From Eq. (4.16) we have that
zs− wr
z − w
e+12(z+)e
+
12(w+)−
z(s− r)
z − w
e+12(w+)
2 =
ws− zr
w − z
e+12(w+)e
+
12(z+)−
w(s− r)
w − z
e+12(z+)
2,
zs− wr
z − w
e−12(z−)e
−
12(w−)−
z(s− r)
z − w
e−12(w−)
2 =
ws− zr
w − z
e−12(w−)e
−
12(z−)−
w(s− r)
w − z
e−12(z−)
2.
Using Eq. (4.17), we get the following identities:
zs− wr
z − w
e+12(z+)e
−
12(w−)−
z(s− r)
z − w
e−12(w−)
2 =
ws− zr
w − z
e−12(w−)e
+
12(z+)−
w(s− r)
w − z
e+12(z+)
2,
zs− wr
z − w
e−12(z−)e
+
12(w+)−
z(s− r)
z − w
e+12(w+)
2 =
ws− zr
w − z
e+12(w+)e
−
12(z−)−
w(s− r)
w − z
e−12(z−)
2.
Thus we have that
zs− wr
z − w
X+1 (z)X
+
1 (w) =
ws− zr
w − z
X+1 (w)X
+
1 (z),
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which completes the proof of Eq. (4.22).

Now we are in a position to give the commutation relations between e±12(z) and f
±
21(w).
Lemma 4.9.
[e±12(z), f
±
21(w)] =
z(s− r)
w − z
(k±2 (w)k
±
1 (w)
−1 − k±2 (z)k
±
1 (z)
−1),(4.24)
[e±12(z), f
∓
21(w)] =
z∓(s− r)
w± − z∓
k∓2 (w)k
∓
1 (w)
−1 −
z±(s− r)
w∓ − z±
k±2 (z)k
±
1 (z)
−1.(4.25)
Proof. As these two commutation relations are proved similarly, we take Eq. (4.25) to show
the derivation. Note that from Eq. (3.14) we have that
(4.26) l±12(z)l
′∓
21(w) +
z∓(s− r)
w±s− z∓r
l±11(z)l
′∓
11(w) = l
′∓
21(w)l
±
12(z) +
z±(s− r)
w∓s− z±r
l′∓22(w)l
±
22(z)
Moreover, Eq. (3.14) also gives that
l±12(z)l
′∓
22(w) =
w∓ − z±
w∓s− z±r
l′∓22(w)l
±
12(z)−
z∓(s− r)
w±s− z∓r
l±11(z)l
′∓
12(w),(4.27)
l′∓21(w)l
±
11(z) =
w± − z∓
w±s− z∓r
l±11(z)l
′∓
21(w)−
z±(s− r)
w∓s− z±r
l′∓22(w)l
±
21(z).(4.28)
Substituting Eqs. (4.27-4.28) into Eq. (4.26), we get the left hand side of Eq. (4.26):
LHS =
w∓ − z±
w∓s− z±r
k∓2 (w)
−1k±1 (z)e
±
12(z)f
∓
21(w) +
z∓(s− r)
w±s− z∓r
k±1 (z)k
∓
1 (w)
−1,
as well as the right hand side:
RHS =
w± − z∓
w±s− z∓r
k±1 (z)k
∓
2 (w)
−1f∓21(w)e
±
12(z) +
z±(s− r)
w∓s− z±r
k∓2 (w)
−1k±2 (z).
Recall that Lemma 4.2 implies
w∓ − z±
w∓s− z±r
k∓2 (w)
−1k±1 (z) =
w± − z∓
w±s− z∓r
k±1 (z)k
∓
2 (w)
−1.
Therefore,
w± − z∓
w±s− z∓r
k±1 (z)k
∓
2 (w)
−1[e±12(z), f
∓
21(w)]
= −
z∓(s− r)
w±s− z∓r
k±1 (z)k
∓
1 (w)
−1 +
z±(s− r)
w∓s− z±r
k∓2 (w)
−1k±2 (z).
(4.29)
Moreover, using Eq. (4.3) we have that
k±1 (z)
−1k∓2 (w)
−1 =
w± − z∓
w±s− z∓r
w∓s− z±r
w∓ − z±
k∓2 (w)
−1k±1 (z)
−1.
Left multiplying k∓2 (w)k
±
1 (z)
−1 on both sides of Eq. (4.29), we get Eq. (4.25). 
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Proposition 4.10.
[X+1 (z), X
−
1 (w)] = (r − s)δij{δ(zw
−1(r−1s)
c
2 )k−i+1(w+)k
−
i (w+)
−1−
δ(zw−1(rs−1)
c
2 )k+i+1(z+)k
+
i (z+)
−1}(4.30)
Proof. From Lemma 4.9 it follows that
[e+12(z+), f
+
21(w−)] =
z+(s− r)
w− − z+
(k+2 (w−)k
+
1 (w−)
−1 − k+2 (z+)k
+
1 (z+)
−1),(4.31)
[e−12(z−), f
−
21(w+)] =
z−(s− r)
w+ − z−
(k−2 (w+)k
−
1 (w+)
−1 − k−2 (z−)k
−
1 (z−)
−1),(4.32)
[e+12(z+), f
−
21(w+)] =
z−(s− r)
w+ − z−
k−2 (w+)k
−
1 (w+)
−1 −
z+(s− r)
w− − z+
k+2 (z+)k
+
1 (z+)
−1,(4.33)
[e−12(z−), f
+
21(w−)] =
z+(s− r)
w− − z+
k+2 (w−)k
+
1 (w−)
−1 −
z−(s− r)
w+ − z−
k−2 (z−)k
−
1 (z−)
−1,(4.34)
where the fractions 1
w∓−z±
in Eqs. (4.31-4.32) are regarded as power series of w
z
or z
w
, and
the fractions 1
w±−z∓
in Eqs. (4.33-4.34) are expanded as power series of z
w
. Note that
X+(z) = e+12(z+)− e
−
12(z−) and X
−(w) = f+21(w−)− f
−
21(w+), so we get that
1
r − s
[X+1 (z), X
−
1 (w)] =
δij{δ(zw
−1(r−1s)
c
2 )k−i+1(w+)k
−
i (w+)
−1 − δ(zw−1(rs−1)
c
2 )k+i+1(z+)k
+
i (z+)
−1}.

4.2. The case n = 3. We shall begin with the case of n = 3, where the Serre relations
appear.
When restricting the generating relations (3.2), (3.3) to Eij ⊗ Ekl, 1 ≤ i, j ≤ 2, we get
that
R2(
z
w
)J±1 (z)J
±
2 (w) = J
±
2 (w)J
±
1 (z)R2(
z
w
),(4.35)
R2(
z+
w−
)J+1 (z)J
−
2 (w) = J
−
2 (w)J
+
1 (z)R2(
z−
w+
),(4.36)
where R2(z) denotes the R-matrix for n = 2 and
J±(z) =
(
1 0
f±21(z) 1
)(
k±1 (z) 0
0 k±2 (z)
)(
1 e±12(z)
0 1
)
.
Thus our argument for n = 2 applies to the entries. Similarly, we consider the equivalent
generating relations (3.5), (3.6), and restrict them to Eij ⊗ Ekl, 2 ≤ i, j ≤ 3 , then we have
J˜±1 (z)
−1J˜±2 (w)
−1R2(
z
w
) = R2(
z
w
)J˜±2 (w)
−1J˜±1 (z)
−1,
J˜+1 (z)
−1J˜−2 (w)
−1R2(
z+
w−
) = R2(
z−
w+
)J˜−2 (w)
−1J˜+1 (z)
−1,
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where
J˜±(z) =
(
1 0
f±32(z) 1
)(
k±2 (z) 0
0 k±3 (z)
)(
1 e±23(z)
0 1
)
.
So the entries also satisfy the commutation relations as the case of n = 2. Now we need the
relations between k±1 (z), e
±
12(z), or f
±
21(z) and k
±
3 (z), e
±
23(z), or f
±
32(z).
Lemma 4.11.
(4.37) k±1 (z)k
±
3 (w) = k
±
3 (w)k
±
1 (z)
(4.38)
w± − z∓
w±s− z∓r
k±1 (z)k
∓
3 (w)
−1 =
w∓ − z±
w∓s− z±r
k∓3 (w)
−1k±1 (z)
Proof. Here we just check Eq. (4.38). Using relations (3.14), we have
w± − z∓
w±s− z∓r
l±11(z)l
′∓
33(w) =
w∓ − z±
w∓s− z±r
l′∓33(w)l
±
11(z),
which is just equivalent to Eq. (4.38) by using the Gauss decomposition. 
In the following lemma, we will give the relations between k±1 (z) and e
±
23(z), f
±
32(z).
Lemma 4.12.
k±1 (z)e
±
23(w) = e
±
23(w)k
±
1 (z),(4.39)
k±1 (z)e
∓
23(w) = e
∓
23(w)k
±
1 (z),(4.40)
k±1 (z)f
±
32(w) = f
±
32(w)k
±
1 (z),(4.41)
k±1 (z)f
∓
32(w) = f
∓
32(w)k
±
1 (z)(4.42)
Proof. We show Eq. (4.40), and the other relations can be proved similarly. We can obtain
the following equation from the equivalent generating relations (3.14)
w± − z∓
w±s− z∓r
l±11(z)l
′∓
23(w) =
w∓ − z±
w∓s− z±r
l′∓23(w)l
±
11(z),
which is equivalent to the following equation in terms of Gauss generators
w± − z∓
w±s− z∓r
k±1 (z)e
∓
23(w)k
∓
3 (w)
−1 =
w∓ − z±
w∓s− z±r
e∓23(w)k
∓
3 (w)
−1k±1 (z).
Now using Eq. (4.38), we have
w± − z∓
w±s− z∓r
k±1 (z)e
∓
23(w)k
∓
3 (w)
−1 =
w± − z∓
w±s− z∓r
e∓23(w)k
±
1 (z)k
∓
3 (w)
−1,
which is equivalent to Eq. (4.40). 
Similarly, we give the relations between k±3 (z) and e12(z), f21(z) in the following lemma.
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Lemma 4.13.
k±3 (z)e
±
12(w) = e
±
12(w)k
±
3 (z),(4.43)
k±3 (z)e
∓
12(w) = e
∓
12(w)k
±
3 (z),(4.44)
k±3 (z)f
±
21(w) = f
±
21(w)k
±
3 (z),(4.45)
k±3 (z)f
∓
21(w) = f
∓
21(w)k
±
1 (z).(4.46)
Using Lemmas 4.12 and 4.13, we can easily get the following proposition.
Proposition 4.14.
k±1 (z)X
±
2 (w) = X
±
2 (w)k
±
1 (z),(4.47)
k±1 (z)X
∓
2 (w) = X
∓
2 (w)k
±
1 (z),(4.48)
k±3 (z)X
±
1 (w) = X
±
1 (w)k
±
3 (z),(4.49)
k±3 (z)X
∓
1 (w) = X
∓
1 (w)k
±
3 (z).(4.50)
In the following lemma, we give the relations between e±12(z), e
±
23(z) and f
±
32(z), f
±
21(z).
Lemma 4.15.
[e±12(z), f
±
32(w)] = 0,(4.51)
[e±12(z), f
∓
32(w)] = 0,(4.52)
[e±23(z), f
±
21(w)] = 0,(4.53)
[e±23(z), f
∓
21(w)] = 0(4.54)
Proof. These identities are similar, so we only prove Eq. (4.52). From relation (3.14) it
follows that
w± − z∓
w±s− z∓r
l±12(z)l
′∓
32(w) =
w∓ − z±
w∓s− z±r
l′∓32(w)l
±
12(z),
which is equivalent to the following equation in terms of Gauss generators
w± − z∓
w±s− z∓r
k±1 (z)e
±
12(z)k
∓
3 (w)
−1f∓32(w) =
w∓ − z±
w∓s− z±r
k∓3 (w)
−1f∓32(w)k
±
1 (z)e
±
12(z).
Now using Lemmas 4.12 and 4.13, we have that
w± − z∓
w±s− z∓r
k±1 (z)k
∓
3 (w)
−1e±12(z)f
∓
32(w) =
w∓ − z±
w∓s− z±r
k∓3 (w)
−1k±1 (z)f
∓
32(w)e
±
12(z).
Furthermore, the following is obtained by using Eq (4.38).
w± − z∓
w±s− z∓r
k±1 (z)k
∓
3 (w)
−1e±12(z)f
∓
32(w) =
w± − z∓
w±s− z∓r
k±1 (z)k
∓
3 (w)
−1f∓32(w)e
±
12(z),
which is equivalent to Eq. (4.52). 
As a consequence of Lemma 4.15, we have the following result.
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Proposition 4.16. One has that
[X+1 (z), X
−
2 (w)] = 0,(4.55)
[X+2 (z), X
−
1 (w)] = 0.(4.56)
Lemma 4.17.
(4.57)
e±12(z)e
±
23(w) =
w − z
ws− zr
e±23(w)e
±
12(z) +
w(s− r)
ws− zr
e±13(z)
+
z(s− r)
ws− zr
e±12(w)e
±
23(w)−
z(s− r)
ws− zr
e±13(w),
(4.58)
e±12(z)e
∓
23(w) =
w± − z∓
w±s− z∓r
e∓23(w)e
±
12(z) +
w±(s− r)
w±s− z∓r
e±13(z)
+
z∓(s− r)
w±s− z∓r
e∓12(w)e
∓
23(w)−
z∓(s− r)
w±s− z∓r
e∓13(w).
Proof. We prove Eq. (4.58), as Eq.(4.57) can be shown similarly. From the generating
relations (3.14) it follows that
w∓ − z±
w∓s− z±r
l′∓23(w)l
±
12(z) = l
±
12(z)l
′∓
23(w) +
w±(s− r)
w±s− z∓r
l±13(z)l
′∓
33(w)
+
z∓(s− r)
w±s− z∓r
l±11(z)l
′∓
13(w).
(4.59)
Moreover, using the Gauss decomposition and Lemmas 4.11-4.12, we get that
w∓ − z±
w∓s− z±r
l′∓23(w)l
±
12(z) = −
w∓ − z±
w∓s− z±r
e∓23(w)k
∓
3 (w)
−1k±1 (z)e
±
12(z)
= −
w± − z∓
w±s− z∓r
k±1 (z)e
∓
23(w)e
±
12(z)k
∓
3 (w)
−1
Therefore Eq. (4.59) and the Gauss decomposition imply Eq.(4.58). 
The following lemma gives the relations between f±21(z) and f
±
32(w).
Lemma 4.18.
(4.60)
f±32(w)f
±
21(z) =
w − z
ws− zr
f±21(z)f
±
32(w) +
z(s− r)
ws− zr
f±31(z)
+
w(s− r)
ws− zr
f±32(w)f
±
21(w)−
w(s− r)
ws− zr
f±31(w),
(4.61)
f∓32(w)f
±
21(z) =
w∓ − z±
w∓s− z±r
f±21(z)f
∓
32(w) +
z±(s− r)
w∓s− z±r
f±31(z)
+
w∓(s− r)
w∓s− z±r
f∓32(w)f
∓
21(w)−
w∓(s− r)
w∓s− z±r
f∓31(w).
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From Lemma 4.17 and Lemma 4.18, we have the following proposition.
Proposition 4.19. One has that
X+1 (z)X
+
2 (w) =
w − z
ws− zr
X+2 (w)X
+
1 (z),(4.62)
X−1 (z)X
−
2 (w) =
ws− zr
w − z
X−2 (w)X
−
1 (z),(4.63)
Proof. We only prove Eq.(4.62), and Eq. (4.63) can be proved similarly.
From Lemma 4.17, we have
e+12(z+)e
+
23(w+) =
w − z
ws− zr
e+23(w+)e
+
12(z+) +
w(s− r)
ws− zr
e+13(z+)
+
z(s− r)
ws− zr
e+12(w+)e
+
23(w+)−
z(s− r)
ws− zr
e+13(w+),
e−12(z−)e
−
23(w−) =
w − z
ws− zr
e−23(w−)e
−
12(z−) +
w(s− r)
ws− zr
e−13(z)
+
z(s− r)
ws− zr
e−12(w−)e
−
23(w−)−
z(s− r)
ws− zr
e−13(w−),
e+12(z+)e
−
23(w−) =
w − z
ws− zr
e−23(w−)e
+
12(z+) +
w(s− r)
ws− zr
e+13(z+)
+
z(s− r)
ws− zr
e−12(w−)e
−
23(w−)−
z(s− r)
ws− zr
e−13(w−),
e−12(z−)e
+
23(w+) =
w − z
ws− zr
e+23(w+)e
−
12(z−) +
w(s− r)
ws− zr
e−13(z−)
+
z(s− r)
ws− zr
e+12(w+)e
+
23(w+)−
z(s− r)
ws− zr
e+13(w+),
and these imply Eq.(4.62). 
We now give the Serre relations.
Proposition 4.20.
{X−1 (z1)X
−
1 (z2)X
−
2 (w)− (r + s)X
−
1 (z1)X
−
2 (w)X
−
1 (z2)
+ rsX−2 (w)X
−
1 (z1)X
−
1 (z2)}+ {z1 ↔ z2} = 0,(4.64)
{rsX−2 (z1)X
−
2 (z2)X
−
1 (w)− (r + s)X
−
2 (z1)X
−
1 (w)X
−
2 (z2)
+X−1 (w)X
−
2 (z1)X
−
2 (z2)}+ {z1 ↔ z2} = 0,(4.65)
{rsX+1 (z1)X
+
1 (z2)X
+
2 (w)− (r + s)X
+
1 (z1)X
+
2 (w)X
+
1 (z2)
+X+2 (w)X
+
1 (z1)X
+
1 (z2)}+ {z1 ↔ z2} = 0.(4.66)
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(4.67)
{X+2 (z1)X
+
2 (z2)X
+
1 (w)− (r + s)X
+
2 (z1)X
+
1 (w)X
+
2 (z2)
+ rsX+1 (w)X
+
2 (z1)X
+
2 (z2)}+ {z1 ↔ z2} = 0
Proof. Here we only prove Eq. (4.66), and the other equations can be proved similarly.
Using Eq. (4.62), we can get
(4.68)
rsX+1 (z1)X
+
1 (z2)X
+
2 (w)− (r + s)X
+
1 (z1)X
+
2 (w)X
+
1 (z2) +X
+
2 (w)X
+
1 (z1)X
+
1 (z2)
= (rs+
(ws− z1r)(ws− z2r)
(w − z1)(w − z2)
− (r + s)
ws− z2r
w − z2
)X+1 (z1)X
+
1 (z2)X
+
2 (w).
Moreover, from Eq.(4.22) and Eq(4.62), we have
(4.69)
rsX+1 (z2)X
+
1 (z1)X
+
2 (w)− (r + s)X
+
1 (z2)X
+
2 (w)X
+
1 (z1) +X
+
2 (w)X
+
1 (z2)X
+
1 (z1)
=
z2r − z1s
z2s− z1r
(rs+
(ws− z1r)(ws− z2r)
(w − z1)(w − z2)
− (r + s)
ws− z1r
w − z1
)X+1 (z1)X
+
1 (z2)X
+
2 (w).
We can easily check that
z2r − z1s
z2s− z1r
(rs+
(ws− z1r)(ws− z2r)
(w − z1)(w − z2)
− (r + s)
ws− z1r
w − z1
) =
− (rs+
(ws− z1r)(ws− z2r)
(w − z1)(w − z2)
− (r + s)
ws− z2r
w − z2
).
Thus we get Eq. (4.66). 
4.3. The general n case. Now we proceed to the case of general n. Just as the case n = 3,
we first restrict the (3.2) and (3.3) to Eij ⊗ Ekl , 1 ≥ i, j, k, l ≤ n− 1, then we get
Rn−1(
z
w
)J±1 (z)J
±
2 (w) = J
±
2 (w)J
±
1 (z)Rn−1(
z
w
),
Rn−1(
z+
w−
)J+1 (z)J
−
2 (w) = J
−
2 (w)J
+
1 (z)Rn−1(
z−
w+
),
J±(z) =


1 0
f±21(z)
. . .
. . .
f±n−1,n−2(z) 1




k±1 (z) 0
. . .
. . .
0 k±n−1(z)




1 e±12(z)
. . .
. . .
e±n−2,n−1(z)
0 1

 .
Similarly, restricting the generating relations (3.5) and (3.6) to Eij⊗Ekl, 2 ≤ i, j, k, l ≤ n,
then we have
J˜±1 (z)
−1J˜±2 (w)
−1R2(
z
w
) = R2(
z
w
)J˜±2 (w)
−1J˜±1 (z)
−1,
J˜+1 (z)
−1J˜−2 (w)
−1R2(
z+
w−
) = R2(
z−
w+
)J˜−2 (w)
−1J˜+1 (z)
−1,
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J±(z) =


1 0
f±32(z)
. . .
. . .
f±n,n−1(z) 1




k±2 (z) 0
. . .
. . .
0 k±n (z)




1 e±23(z)
. . .
. . .
e±n−1,n(z)
0 1

 .
By induction, we get all the commutator relations we need except those between e±12(z),
k±1 (z), f
±
21(z) and e
±
n−1,n(z), k
±
n (z), f
±
n,n−1(z). First, using the Gauss decomposition, we write
down L±(z) and L±(z)−1:
L±(z) =


k±1 (z) k
±
1 (z)e
±
12(z)
...
... . . .
f±21(z)k
±
1 (z)
...
...
... . . .
...
...
...
... . . .


and
L±(z)−1 =


. . .
...
...
...
. . .
...
... −e±n−1,n(z)k
±
n (z)
−1
. . .
... −k±n (z)
−1f±n,n−1(z) k
±
n (z)
−1

 .
Then using the generating relations (3.7) and (3.8), we get the following lemma.
Lemma 4.21.
k±1 (z)k
±
n (w) = k
±
3 (w)k
±
n (z),(4.70)
w± − z∓
w±s− z∓r
k±1 (z)k
∓
n (w)
−1 =
w∓ − z±
w∓s− z±r
k∓n (w)
−1k±1 (z),(4.71)
k±1 (z)e
±
n−1,n(w) = e
±
n−1,n(w)k
±
1 (z),(4.72)
k±1 (z)e
∓
n−1,n(w) = e
∓
n−1,n(w)k
±
1 (z),(4.73)
k±1 (z)f
±
n,n−1(w) = f
±
n,n−1(w)k
±
1 (z),(4.74)
k±1 (z)f
∓
n,n−1(w) = f
∓
n,n−1(w)k
±
1 (z),(4.75)
k±n (z)e
±
12(w) = e
±
12(w)k
±
n (z),(4.76)
k±n (z)e
∓
12(w) = e
∓
12(w)k
±
n (z),(4.77)
k±n (z)f
±
21(w) = f
±
21(w)k
±
n (z),(4.78)
k±n (z)f
∓
21(w) = f
∓
21(w)k
±
n (z),(4.79)
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[e±12(z), f
±
n,n−1(w)] = 0,(4.80)
[e±12(z), f
∓
n,n−1(w)] = 0,(4.81)
[e±n−1,n(z), f
±
21(w)] = 0,(4.82)
[e±n−1,n(z), f
∓
21(w)] = 0,(4.83)
f±21(z)f
±
n,n−1(w) = f
±
n,n−1(w)f
±
21(z),(4.84)
f±21(z)f
∓
n,n−1(w) = f
∓
n,n−1(w)f
±
21(z),(4.85)
e±12(z)e
±
n−1,n(w) = e
±
n−1,n(w)e
±
12(z),(4.86)
e±12(z)e
∓
n−1,n(w) = e
∓
n−1,n(w)e
±
12(z)(4.87)
Proof. We just prove Eq.(4.71), as the other relations can be shown similarly.
From Eq.(3.14), we have
w± − z∓
w±s− z∓r
l±11(z)l
′∓
nn(w) =
w∓ − z±
w∓s− z±r
l′∓nn(w)l
±
11(z),
which is equivalent to Eq.(4.71) from the Gauss decomposition. 
By induction and using Lemma 4.21, we have proved theorem 4.1 for the general n case.
5. Drinfeld realization of Ur,s(ŝln)
In this section, we will give the Drinfeld realization for Ur,s(ŝln). Analogue to the one-
parameter case, we define Ur,s(ŝln) as the subalgebra of Ur,s(ĝln) generated by
x±i (z) = (r − s)
−1X±i (z(rs
−1)
i
2 ),
ϕi(z) = k
+
i+1(z(rs
−1)
i
2 )k+i (z(rs
−1)
i
2 )−1,
ψi(z) = k
−
i+1(z(rs
−1)
i
2 )k−i (z(rs
−1)
i
2 )−1.
Let
gij(z) =
∑
n∈Z+
cijnz
n
be the formal power series in z such that the coefficients cijn are determined from the Taylor
expansion in the variable z at 0 ∈ C of the function
fij(z) =
(rs−1)
aij
2 z − 1
z − (rs−1)
aij
2
.
From theorem 4.1, we can get the following proposition.
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Proposition 5.1. In Ur,s(ŝln), the generators x
±
i (z), ϕi(z) and ψi(z) satisfy the following
relations:
[ϕi(z), ϕj(w)] = 0, [ψi(z), ψj(w)] = 0,(5.1)
ϕi(z)ψj(w) =
gij(
z−
w+
)
gij(
z+
w−
)
ψj(w)ϕi(z),(5.2)
ϕi(z)x
±
j (w) = (rs)
± i−j
2 gij(
z∓
w
)±1x±j (w)ϕi(z), |i− j| ≤ 1(5.3)
ϕi(z)x
±
j (w) = x
±
j (w)ϕi(z), |i− j| > 1,(5.4)
ψi(z)x
±
j (w) = (rs)
∓ i−j
2 gij(
w
z±
)∓1x±j (w)ψi(z), |i− j| ≤ 1,(5.5)
ψi(z)x
±
j (w) = x
±
j (w)ψi(z), |i− j| > 1,(5.6)
(z − w(rs−1)±
aij
2 )x±i (z)x
±
j (w) = (rs)
± i−j
2 (z(rs−1)±
aij
2 − w)x±j (w)x
±
i (z), |i− j| ≤ 1,(5.7)
x±i (z)x
±
j (w) = x
±
j (w)x
±
i (z), |i− j| > 1,(5.8)
[x+i (z), x
−
j (w)] = (r − s)
−1δij{δ(
z−
w+
)ψi(w+)− δ(
z+
w−
)ϕi(z+)},(5.9)
{x±i (z1)x
±
i (z2)x
±
i+1(w)− (r
∓1 + s∓1)x±i (z1)x
±
i+1(w)x
±
i (z2)
+ (rs)∓1x±i+1(w)x
±
i (z1)x
±
i (z2)}+ {z1 ↔ z2} = 0,(5.10)
{x±i+1(z1)x
±
i+1(z2)x
±
i (w)− (r
±1 + s±1)x±i+1(z1)x
±
i (w)x
±
i+1(z2)
+ (rs)±1x±i (w)x
±
i+1(z1)x
±
i+1(z2)}+ {z1 ↔ z2} = 0(5.11)
Remark 5.2. Proposition 5.1 can be viewed as the two-parameter analogue of the Drinfeld
realization of Uq(ŝln). When r = q = s
−1, it degenerates into the Drinfeld realization of
Uq(ŝln).
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